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1 Summary

A Belyi map 3 : P(C) — P!(C) is a rational function with at most three critical values; we may
assume these values are {0, 1, co}. A Dessin d’Enfant is a planar bipartite graph obtained by
considering the preimage of a path between two of these critical values, usually taken to be the line
segment from 0 to 1. Such graphs can be drawn on the sphere by composing with stereographic
projection: 571([0,1]) € P}(C) ~ S*(R). Replacing P! with an elliptic curve E, there is a similar
definition of a Belyf map 3 : E(C) — P!(C). Since E(C) ~ T?(R) is a torus, we call (E, ) a
toroidal Belyi pair. The corresponding Dessin d’Enfant can be drawn on the torus by composing
with an elliptic logarithm: 571([0,1]) € E(C) ~ T?*(R).

In this project, we are interested in the group Mon(f) = im [m (Pl((C) - {0, 1, oo}) — SN]
called the monodromy group; it is the “Galois closure” of the group of automorphisms of the graph.
With X being either P1(C) ~ S?(R) or E(C) ~ T?(R), say that we have two the composition of
Belyi maps

¢ B

d=pFop: X PY(C) PL(C) (1)

such that B({O, 1, oo}) C {0, 1, oo}; then the composition ® is also a Belyl map. If Mon(8) < Sy
and Mon(¢) < Sjs are the monodromy groups of 5 and ¢, respectively, then Mon(®) < Sy, Sy is
a subgroup of the wreath product Syt Sy = SyY x Sy of the symmetric groups. We will discuss
some of the challenges of determining the structure of these various groups.

2 Background
Let X be a compact, connected Riemann surface. There are two examples of interest.

e The projective line P! may be embedded into the projective plane using the map P! — P?
which sends (z1 : zg) — (z1 : 0 : xp), so that this curve corresponds to the zeroes of the
polynomial f(z,y) =y. The set of complex points, namely X = P!(C) ~ S?(R), is a sphere.

e An elliptic curve E is a nonsingular projective variety corresponding to the zeroes of the form
flz,y) = (y2 +01$y+a3y) - (963 +02$2+a4$+a6) = 0. (2)

The set of complex points, namely X = E(C) ~ T?(R), is a torus.



A Belyi map 3 : X — P!(C) is a non-constant meromorphic function which is unbranched outside
of {0, 1, oo} € P(C). Since X may be viewed as the set of zeroes of a single polynomial f(z,y),
we can write 5(z,y) = p(z,y)/q(z,y) as the ratio of two polynomials p(z,y) and ¢(z,y).

3 Monodromy Groups
Fix yo € P}(C) different from 0, 1, and co. Form the collection of affine points

f(xay):()

gt —{w: : 1) e P?(C
(o) iy e p(z,y) —yoq(z,y) =0

}_{PI,PQ,...,PN} (3)

there exist unique paths ﬁéi), %l) : [0,1] — X satisfying

BEDM) = e+ (yo — ) > 1 { P, € B (wo)
where
e=0,1

70(0) = P, W

There exist permutations og, 01, 0o € Sy such that %i)(l) = Pyo(i) %2)(1) = Py,(i), and 00 =
o1 toogt fori=1,2,..., N. Then Mon(B3) = (00, 01, 0so) is called the monodromy group of
5. It is a transitive subgroup of Sy.

4 Krasner-Kaloujnine Embedding Theorem

Let ¢ : X — PY(C) and 3 : P}(C) — P(C) be two Belyf maps of degrees M = deg(¢) and
N = deg(p), respectively. If ﬁ({(), 1, oo}) C {0, 1, oo}, then the composition ® = fo ¢ is a
Belyi map of degree M N. We explain how the monodromy groups Mon(®), Mon(¢), and Mon(f3)
are related.

e For each P; € 37 1(yp), say that "?e(ij) :[0,1] — X are those unique paths such that

(Bog) (T (1) = e+ (yo — ) ™ Py e ¢ (P)
- where (5)
309 (0) = By =01
Then %(z) =¢o ﬁe(” ) are those unique paths 7(()“, %z) :[0,1] — P!(C) satisfying
BEO®) = e+ (yo - ™Y1 P; € 87! ()
where (6)
7D (0) = P, e=0,1

Observe that ﬁe(ij)(l) = Prj where [ = o(i) and J = 7 (7) for some o, € Sy and e Sy
Hence we have the following well-defined elements of the wreath product Sy 1Sy = S Y xSy

(76(1)’ 76(2)7 T UE) for e =0, 1. (7)



e We have a surjective projection map from G = Mon(f o ¢) to Mon(8) whose kernel H =
ker[Mon(3 o ¢) — Mon()] contains Mon(¢) embedded diagonally.

1——=SyN ——= S 1Sy SN 1 (8)

J o] ]

Mon(¢) — Mon(®) — Mon(p)

In particular, G must be a subgroup of H ! (G/H). (This may be viewed as a special case of
the Krasner-Kaloujnine Embedding Theorem.)

5 Examples on the Sphere
Say that X = P!(C) ~ S?(R).

e The rational function f(z) = 4z (1 — z) is a Belyl map of degree N = 2 which satisfies
B({O, 1, oo}) C {0, 1, oo}. The monodromy group has the generators

oo =(12)
o1 = (1) 9)
0o = (12)

Hence the monodromy group is Mon(53) = (09, 01, 0s0) = S2, the symmetric group of degree
2.

e The rational function ¢(2) = —(z — 1) (222 + 32 + 9)3/729 is a Belyl map of degree N = 7.
According to our Mathematica code, the monodromy group has the generators
oo=(153)(246)
=(374) (10)
0 =(1326475)
(

Hence the monodromy group is Mon(¢) = (09, 01, 0s) = A7, the alternating group of degree
7.

e The composition ® = S o ¢ is the rational function

4

" 531441 (z—1)2° (2 24324 9)3 (8 2492823 412622 + 1892 + 378) (11)

O(z2) =

which is a Belyl map of degree N = 14. According to our Mathematica code, the monodromy
group has the generators



o0=(375)(468) (1113 12)
o1=(13)(24) (511) (6 12) (7 9) (8 10) (13 14) (12)

0oo=(151242810613141179 3)

Hence the monodromy group is Mon(®) = (0g, 01, 0s0) = (A7 X A7) X Zo, the wreath product
of A7 by Ss.

6 Examples on the Torus

Say that X = F(C) ~ T?(R).

e For any positive integer n, the square of the nth Chebyshev polynomial

x? forn=1

B(z) = Ty(z)* = cos®(n - arccos(z)) = (222 — 1)2 forn =2 (13)
2? (422 — 3)2 forn =3

is a Belyl map of degree N = 2n which satisfies B({O, 1, oo}) C {0, 1, o0}. When n =1,
1-B(1—-22)=4z(1- z), so that Mon() = Za, the cyclic group of order 2.
e Consider the elliptic curve
E:y?=z(x—-1)(x—N where A = cos QL (14)
n
Then ®(z,y) = B(z) is a Belyl map of degree N = 4n. Say that n = 1. According to our
Mathematica code, the monodromy group has the generators

oo=(13)(24)
o1 =(1234) (15)
Ooo = (123 4)

Hence the monodromy group is Mon(®) = (09, 01, 0s) = Z4, the cyclic group of order 4.

7 Future Work

We would like to know more about the structure of G = Mon(f o ¢). In particular, we would like
to know more about how H = ker[Mon(f o ¢) - Mon(p)] is related to Mon(¢).
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